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Small-z DIS from the nucleus

Fast quark moves along the straight line =

guark propagator reduces to the Wilson line collinear to quark’s velocity
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At high energies, the amplitude of v* A — ~+* A scattering reduces to the
matrix element of a two-Wilson-line operator (“color dipole”).

A(s) = /dzklI(kL)<B|Tr{U”A(kL)UT”A(—kl)}|B>+...

A2
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In the spectator frame

High-speed nucleus shrinks to a “pancake” =

Quarks (and gluons) do not have time to deviate in the transverse direction

X/ \y )

Az, ~w, ~1 y

/ Py Py
|2 — 2L~ . = G,y d25(2+)($|]§\2) 152Uz(2|]§\y)
U, =|oopy +21,—0op; + 2] — Wilson line

2, y] = Pei9)o dw@—y)" Ay (uz+(1-u)y)
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Feynman diagrams in a shock-wave background

X+

/d4:z:d4y e "PA(T{ja(z +y)js(¥) ) a

- ./djfjIA(]{L)TT{U(]“L)UT(—]CL)}+... =

A(s) = [ T (BITEU (k1)U (k1)) B) +
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Feynman diagrams in a shock-wave background

. /d4xd4y e~ PA (T {jalx +4)is(y)})a

- - AN — /d;]:;_[A(kJ_)Tr{U(kJ_)UT(_kJ_)}+"' =

| A(s) = [ T (BITEU (k1)U (k1)) B) +

Energy dependence of the amplitude A(s) is determined by the dependence
of the Wilson lines on the rapidity 174 defined by the slope of the line.

na
(BIUTATI | B) ~ / dn

nB
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Evolution equation

To get the evolution equation, consider the dipole with the slope H 71 and
Integrate over the gluons with rapidities 177 > 1 > ns. This integral gives the

kernel of the evolution equation (multiplied by the dipole(s) with the slope
corresponding to 1)s).

“““
¢“ ¢
.

r]1>r]>r]2 as(nl_nz)K ®
;&A* A
RIRLE —
i" n,>n>n n,>n>n,
P, : P %

In the frame || 7, the gluons with 7 < 1), are seen as a pancake =
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One-loop evolution

The structure Is

| x — z: free propagation]
X

U%(z,) - instantaneous
Interaction with the n < 7
shock wave]

X
[z — . free propagation]

U = Te{t"U.LUS} = (U,UN)™ = (U U™ +a(m—n2) (UUTUUT)™
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Non-linear evolution equation

o

@—U(:m,yﬁ —
o (Z— )%

T d — — — —
4m ZL( L= Z1)%(ZL —yL)?

U(zy,y) =

LLA for DIS in pQCD = BFKL
LLA for DIS in sQCD = BK egn
(s for semiclassical)
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Non-linear evolution equation

0

_Z/{ —

o (SUL,?JL)
— —»_—;2

_ 2 dz) (_,:E zy_,)L =\
47T (.CCJ_—ZJ_) (ZJ__yJ_)

X {Z\/{(xL,zL) +U(z1,y1) —Z/l(fm,yLZ—U(JUL,ZL)U(ZL»?JL)}

N

Ules,y1) = N%(NC T {U ) U ()

LLA for DIS in pQCD = BFKL
LLA for DIS in sQCD = BK egn
(s for semiclassical)
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Non-linear evolution equation

— U —

o (SUL,?JL)
- = A2

_ﬁ dz| — (_,:E Zy_,)L =\
4 (£ —21)%(ZL —yL)

LLA for DIS in pQCD = BFKL
LLA for DIS in sQCD = BK egn
(s for semiclassical)

Example - LLA for the structure functions of large nuclei: «y ln% ~ 1,
a2AY3 ~ 1
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Non-linear equation sums up the Example of the diagrams left behind

“fan” diagrams by the NL egn: pomeron loops
-------------- yL -yl
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Non-linear equation sums up the Example of the diagrams left behind
“fan” diagrams by the NL egn: pomeron loops

N R
Y O

BFKL L BK .
rp — 0 = gluon density increases = saturation = CGC

NLO BK — p.1(



Argument of the a, in the BK equation

T L 0

=> O (whatever) 0 (x-2), ?
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Argument of the a, in the BK equation

X, Y. Y.
< / XJ_
» 01 g(x-y)
(x=y), ~ (¥-2) ~ (x-2) = 2,
=> O (whatever) 0 (x-2), ?

Result: oy = ag(min{ |z — y|, |v — 2|, |y — 2|} 1)
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Quark bubble chain and the argument of o
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Quark bubble chain and the argument of o
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Quark bubble chain and the argument of o

as(p?) ﬁﬂﬁ) as(p—q)] =  as(x; — x;)min after the Fourier

transformation
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Quark contribution to the NLO kernel

(b) ()
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A problem: quark loop inside the shock wave

|z — 2|3 ~ = = one can expand
the quark loop near the light cone =
the contribution is local in z .

A way to fish out such extra local term is to find the light-cone expansion of
UxUJ as r| — vy, (up to twist-4 terms) and compare it to our result in the
shock-wave background.

NLO BK — p.1:



Result of the light-cone expansion:

The light-cone expansion of the sum of the diagrams
X y S

coincides with the expansion of
\r\fv\f\()fww + v\m*\/\/\/\QN + \/\/Q\AA/}W
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Result of the light-cone expansion:

The light-cone expansion of the sum of the diagrams
X y S

coincides with the expansion of

wm{}ww + mm*vx@w + WQ\AA/}W
— no additional vertex W\+m~ at the one—loop lev




Diagrams for the dipole evolution




Quark-loop contribution to NLO BK

d

- Tr{U, Ul} = 2 &’z [Te{U, U} Te{U. U} — N, Te{U,U/}]
n 7'('
(z —y)* o NTf w2 va . x2
G (- e vt 3) ¢ S
2
g a brrt 2 12 a brri a b
HﬁnJCTI‘{t Uyt Uy}/d 2d?2 Te{t*Ut°U), — t°Ut°U]} (z — 2')4

1 X’2Y2—|—Y’2X2—(X—y)2(Z—z/)2 1 X/2Y2
X o 2(X’2Y2—Y/2X2) n Y/2X2

X=x—2z X'=o-2, Y=y—2 Y =y—2
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Quark-loop contribution to NLO BK

d a

d—nTr{UxUJ} = 5 / d*z [Te{U, U Te{U, U]} — N, Te{U, U} }]
(x—y)2 - AN f 2 ~2 2

x [ (1= S (e — y)22 + 3] ) + L 1 X

2

7 a a a
Hﬁwﬂ{t UmthJ}/dQZdQZ/ Te{tU.t°U}, — t°U.t"U}}

(z — 2')4

111

| _ XYY (xoy)P(z—2)? y X2V
X o 2(X’2Y2—Y’2X2) Y’2X2 }

X=x—2z X'=ao-2, Y=y—2z Y =y—2

Running coupling part
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Quark-loop contribution to NLO BK

d a

d—nTr{UxUJ} = 5 / d*z [Te{U, U Te{U, U]} — N, Te{U, U} }]
(x—y)2 - AN f 2 ~2 2

x [ (1= S (e — y)22 + 3]) + L 1 X

2

Oés a a a
HﬁnfTr{t UmthJ}/dQZdQZ/ Tr{t*U.t*U], — t“U.t"UT}

(z — 2')4

1 X’2Y2—|—Y’2X2—(X—y)2(Z—z/)z 1 X/2Y2
X o 2(X’2Y2—Y/2X2) n Y/2X2

X=x—2z X'=o-2, Y=y—2z Y =y—2

Running coupling part  + Conformal part
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Quark-loop contribution to NLO BK

d

—Tr{U, Uit = 2 &’z [Te{U, U} Te{U.U}} — N Tr{U, U/}
n T2
(z —y)* o asTf x2_y2 | x2
e (1 S -y + §)) + S R |
2
Qg arr 4by7t 2. 12 arr byt arr 4b
+[anTr{t Uyt Uy}/d vd?2 Te{t"Ut"U), — t°U.t°UT} 2
X’2Y2—|—Y’2X2—(X— )2(z—z/)2 X/2Y2
. {1 a 2(X’2Y2—Y’2§§2) = Y’2X2}
X=x—2z X'=o-2, Y=y—2 Y =y—2
X2 -Y?* X
Running coupling = (,u){ {ln(x N — In —}
o (x—y)? Y7
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Quark-loop contribution to NLO BK

d

—Tr{U, Uit = 2 &’z [Te{U, U} Te{U.U}} — N Tr{U, U/}
n T2
(z —y)* o asTf x2_y2 | x2
e (1 S -y + §)) + S R |
2
Qg arr 4by7t 2. 12 arr byt arr 4b
+[anTr{t Uyt Uy}/d vd?2 Te{t"Ut"U), — t°U.t°UT} 2
X’2Y2—|—Y’2X2—(X— )2(z—z/)2 X/2Y2
. {1 a 2(X’2Y2—Y’2§§2) = Y’2X2}
X=x—2z X'=o-2, Y=y—2 Y =y—2
X2 -Y?* X
Running coupling = (,u){ {ln(x N — In —}
o (x—y)? Y7

+ gluon loop
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Quark-loop contribution to NLO BK

d

- Tr{U, Ul} = 2 &’z [Te{U, U} Te{U. U} — N, Te{U,U/}]
n 2
(v — y)* o QOsMf w2 vz | x2
[ (-t 1) + SR
2
g a by 7T 2 12 a brrT a brri
HﬁnJCTI‘{t Uyt Uy}/d 2d” Te{t"Ut'U], — t"U U]} (z — 2')4
X’2Y2—|—Y’2X2—(X— )2(z—z/)2 X/2Y2
. {1 a 2(X’2Y2—Y’2§§2) = Y’2X2}
X=x—2z2 X'=x-2,Y=y—2z Y =y—2
asn X?—Y? X?
Running coupling = ozs(,u){ — {IH(ZU —y)*u’ — (z—y) In W}

+ gluon loop ~ a(|x; — 2| min)
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Bubble chain and the argument of coupling constant
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Bubble chain and the argument of coupling constant

NLO BK — p.1



Bubble chain and the argument of coupling constant

. 11 2 .
LLA = jﬁéﬁ) {a L+ (—NC = —nf) In QL} S(]i qz)i
1

_as(pl) 1 aslp—q)t
pi o asgl) (P—a)1

Fourier transformation (up to In” accuracy) =

d as(|r —yl)
—Tr{U, U} =
dn U, ) 272

S (v ~ 1)+ (i ~ )] ~ o8

/ &’z [Te{U, U} Te{U. U} — N, Tx{U, U}
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Comparison with the triumvirate of Kovchegov & Weigert

d 2

dn

(z —y)

Q
oy !

—Tr{U, UT} =3 >
-

2 [Tr{U, U} Te{U.U; } — NCTr{UnyT}]{

(e 3) - (a0 wew

bo 1 X2 bog bo
s 1 —[1 0% (e — )22 & 2% 10 x2 2} X Y)}
o (el pz |1+ 3 )%’ + i X0 + X o

_|_

d as((z —1y)2e’/3)
—T T
= an r{U.U)} = 52

x [(3;(5332) + );2 (Zz(é;)) - 1) + Y12 (Zz((fp)) - 1)} (B)

/ &’z [Tr{U,UI}Tr{U.U} — N.Tr{U, U] }]

d 1 2
— d?]Tr{U UT} = 2—77_2/61 < [TI‘{UxU;L}TI'{UzUJ} — NcTr{UJJUJ}] (KW)
2(x — 2,y — 2) Qs (X265/3)048(Y265/3)

Y2 5/3
as(Y7e) = =5y o (R2)

1 2 .5/3 1
< |z (X2) +
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Gluon contribution to NLO BK

Sample
diagrams:

(d) (e) (f)
Cutoff in the longitudinal momenta: p, < o for each gluon emitted by the
Wilson line U, = Pexp ig [ A_dx

NLO kernel depends on the precise form of the cutoff. NLO BK —p.2



Gluon contribution to NLO BK

d Qs 2

d—nTr{UxUJ} = / 42z ([Tr{UxU;f}Tr{UZUJ} — N.Tr{U,U}]
(z —y)* s Ne 7 _ 2

8 { X2y {1 Ty G-yt - ?)}

X2

11 OéSNC X2_y2 X 2 asNg (x—y)? vy 2
In — In g2 In 32 }

9 A X2Y? Y2 27 X2Y2
g 2 t T T
+ 47‘(‘2 /d ZI {[Tr{UfL’Uz }Tr{UzUz’}{UZ/ U?;r} o Tr{UxU;rUZ/UJUZUZ/}

il
(z — 2/)%
+ [Te{U, U T {U, U, WU U} — Te{U,ULUUIULUS} — (¢ — 2)]

v (x—y)* 4 (x—y)? I X2y’ _
X2Y/2(X2Y/2_X/2Yz) (Z—Z’)2X2Y’2 N X/2Y2 T

— 2+

— (2" = 2)]

X’2Y2—|—Y’2X2—4(x—y)2(z—z’)2 1 X/2Y2
2(X/2Y2-Y'%2X2) 1Y%z
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Gluon contribution to NLO BK

d Qs 2

d—nTr{UxUJ} = / 42z ([Tr{UxU;f}Tr{UZUJ} — N.Tr{U,U}]
(z —y)* s Ne 7 _ 2

8 { X2y {1 Ty Gyt - ?)}

11 OzsNC X2_y2 X 2 asNg (x—y)? X2 vy 2
—3 T xevr Ny - S eyr/ngSEln ‘<x—y>2}
N 4074:2 / 2 {[Tr (U UNT{U UL UL U — Te{U,USUL UIULUL Y
1 - 12~/2 12~72 x—v)2(z—z")2 /12~s2
- (¢ = Al | -2 e e i

+ [Te{ U, U} Te{U, UL WU USY — Te{U,ULUUIULUTY — (2 — 2)]
(x—y)* (x—y)? X2y’? _
X [X2Y/2(X_2Y}/’2_X/2Y2) —|_ (Z—z’)2§(2Y’2:| hl X/2Y2 }) _

Running coupling part
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Gluon contribution to NLO BK

d Qs 2

d—nTr{UxUJ} = / 42z ([Tr{UxU;f}Tr{UZUJ} — N.Tr{U,U}]
(z —y)* s Ne 7 _ 2

8 { X2y {1 Ty G-yt - ?)}

11 OzsNC X2_y2 X 2 asNg (x—y)? X2 vy 2
BERRTIR O GRS chulie Tab o clll =i e
= / a2 { [Te{U U T {U.UL WU U} = T {0 U0 U ULUL )

il
(z — 2/)%
+ [Te{U, U T {U U, WU U} — Te{U,ULUUIULUSY — (2 — 2)]

(x—y)* (x—y)? I X2Y’2 _
X X2Y/2(X2Y/2_X/2Y2) —|_ (Z_Z/)2X2Y/2 n X/2Y2 T

X/2Y2 Y/2X;2—4 A \2 (1 \2 12~2
24 + (x—y)“(z—2) lnXY}

o (Z/ — Z)] 2(X’2“Y2—Y’2X2) Y’2X2

Running coupling part +  Extra non-conformal part
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Gluon contribution to NLO BK

d%Tr{UwUJ} - 2 / &2 ([Tr{U U Tr{U.Uf} = NTe{U,Uf)

9 {(ﬁ(;;g)? {1 N &Zi\fc(lgl In(x — y)2u2 + ¢ — %)}

+ 407‘:2 / 4%z {[Tr{UxUj}Tr{UZUJ,}{UZ/UyT} ~ Tr{U,UU.UIU. UL}
— (7 — 2)] E _1 i [ — 2+ szyz;és};;lg;;);)(z_zx)z In ?:z;{;}

+ [Te{U U T{U UL WU UL — Te{U, UL U U UL U} — (2 — 2)]

q

% (x—y)* Lo ey)® o X2V LY
X2Y/2(X2Y/2_X/2Y2) (Z—Z’)2X2Y’2 X/2Y2 T

Running coupling part’ +  Extra non-conformal part
+  Conformal “non-analytic” part
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Gluon contribution to NLO BK

d%Tr{UwUJ} - 2 / &2 ([Tr{U U Tr{U.Uf} = NTe{U,Uf)

9 {(ﬁ(;;g)? {1 N &Zi\fc(lgl In(x — y)2u2 + ¢ — %)}

+ 407‘:2 / 4%z {[Tr{UxUj}Tr{UZUJ,}{UZ/UyT} ~ Tr{U,UU.UIU. UL}
— (7 — 2)] E _1 i [ — 2+ szyz;és};;lg;;);)(z_zx)z In ?:z;{;}

+ [Te{U, U T {U, U, WU U} — Te{U,ULUUIULUS} — (¢ — 2)]

v (x—y)* 4 (x—y)? I X2y’ _
X2Y/2(X2Y/2_X/2Y2) (Z—Z’)2X2Y’2 n X/2Y2 _

Running coupling part +  Extranon-conformal part 4+ Conformal
“non-analytic’ part +  Conformal analytic part
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Gluon contribution to NLO BK

d%Tr{UwUJ} - 2 / &2 ([Tr{U U Tr{U.Uf} = NTe{U,Uf)

9 {(ﬁ(;;g)? {1 N &Zi\fc(lgl In(x — y)2u2 + ¢ — %)}

+ 407‘:2 / 4%z {[Tr{UxUj}Tr{UZUJ,}{UZ/UyT} ~ Tr{U,UU.UIU. UL}
— (7 — 2)] E _1 i [ — 2+ szyz;és};;lg;;);)(z_zx)z In ?:z;{;}

+ [Te{U, U T {U, U, WU U} — Te{U,ULUUIULUS} — (¢ — 2)]

v (x—y)* 4 (x—y)? I X2y’ _
X2Y/2(X2Y/2_X/2Y2) (Z—Z’)2X2Y’2 n X/2Y2 T

Running coupling part +  Extra non-conformal part
+  Conformal “non-analytic” part 4+  Conformal analytic part w~osk -p2



Gluon contribution to NLO BK

d g 2

d—nTr{UxUJ} — 27TQ/d 2 ([Tr{UxUJ}Tr{UZUJ} — N.Tr{U, U/}
(x —y)? s N, 7 2

X { ! [1 +—— (Tl —y)** +F - ?)}

Il asNe g2_y2, xo asN¢ (X—y)? X2 Y
BERRTIR OGRS chulle Tk ol =il =
= / @22 { [T {U U T {U.UL U U} = {0 UT U UfU-UL )

il
(z — 2/)4
+ [Te{U, U T {U UL, WU U} — Te{U,ULUUIULUSY — (7 — 2)]

I s + e | W B L) 4 B )T {ULU])

X |:X2Y’2(X2Y’2—X’2Y2) (Z_Z/)2X2Y/2 X/2Y2

X/2Y2 Y/2x2_4 A \2 (S \2 12~2
24 + (x—y)“(z—2) lnXY}

o (Z/ — Z)] 2(X’2Y2—Y’2X2) Y’2X2

= Qurresult + Extraterm = Coincides with NLO BFKL
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Evolution of the color dipole in N/ = 4 SYM

d

(z —y)°
* X2y {1 +
g

A2

aS
272

&SNC 1 — 7T2 <N X2 Y2
ATt 3 27 n (x—y)? n (X—Y)2}

/ & [Tr{U U Te{U U} Te{U U} — Te{U, UL U U U U}

/ d*z {[Tr{UxU;f}Tr{UZUJ } = N.Te{U,U}]

_|_

/ (x—y)4 (x—y)? | InX2Y'?/X"?y2 |
o (Z — Z)] |:X2Y/2_X/2Y2 + (Z_Z/)z XzY/2 -
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Evolution of the color dipole in N/ = 4 SYM

d

(z —y)°
* X2y {1 +
g

A2

aS
272

&SNC 1 — 7T2 <N X2 Y2
ATt 3 27 n (x—y)? n (X—Y)2}

/ & [Tr{U U Te{U UL} Te{U Ui} — Te{U, UL U U U U}

/ d*z {[Tr{UxU;f}Tr{UZUJ } = N.Te{U,U}]

_|_

r 4 2 2~/ 2 12~s2
/ 1 (x—y) (x—y)* | nX*Y"*/X'"*Y L
o (Z — Z}J lx2Y/2_X/2Y2 —|_ (Z_Z/)z XzY/2 -

Non-conformal part
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Evolution of the color dipole in N/ = 4 SYM

d

(z —y)?

* X2y {1 +
g
472

o (Z/ . Z)] { (x—y)? 4 (x—y)? lanY’z/X’zYz} _

aS
272

&SNC 1 — 7T2 <N X2 Y2
ATt 3 27 n (x—y)? n (X—Y)2}

/ & [Tr{U U Te{U U} Te{U U} — Te{U, UL U U U U}

/ d*z {[Tr{UxU;f}Tr{UZUJ } = N.Te{U,U}]

_|_

X2Y'2_X'2y2 (Z—Z’)2 X2Yy’2

Non-conformal part 4+  Conformal part
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Evolution of the color dipole in N/ = 4 SYM

d

(z —y)°
* X2y {1 +
g

A2

x—y)4 x—y)2 | InX2Y'?/X'?Y?2
o (Z/ — Z)] |:X2Y(/2_y))(/2Y2 —|_ ((Z_Zy/))z:| X2Y//2 } —

aS
272

a;N.1 — 72 AN X2 2
A 3 27 n (x—y)? n (X—y)2}

/ & [Tr{U U Te{U U} Te{U U} — Te{U, UL U U U U}

/ d*z {[Tr{UxU;f}Tr{UZUJ } = N.Te{U,U}]

_|_

Non-conformal part Conformal part
(“recombination of dipoles”) (“creation of dipoles”)
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Evolution of the color dipole in N/ = 4 SYM

d
—Tr{U, U} =
dn r{ y} 27?2

(x —1y)* a;N.1— 72 0N, 2 2
~ X?2Y?2 {1 + A 3 2 In (x—y)? In (X—yp}

- /dzz’[Tr{UmUJ}Tr{UZU;}Tr{Uz'UJ} - Tr{UmUJ,UZUJUZ/UJ}

A2

— (2 = 2)] | zorys + S | A b SR BT,

oF

/ d’z {[Tr{UxU;f}Tr{UZUJ } = N.Te{U,U}]

_|_

X2Y'2-X'?2y2 ' (z—z/)2 X2Y'’? 272

= Qurresult + Extraterm = Coincides with N'=4 NLO BFKL
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Conclusions

High-energy scattering can be described in terms of dipoles (Wilson lines)
UQJU;r - no new operators at the 1-loop level (for gluon contributions, such

possible terms = difference between 67_93”2 and the NLO BFKL terms = 0).

For the creation of dipoles in the small-z evolution, the coupling constant is
determined by the size of the smallest dipole.

The NLO evolution kernel depends on the precise definition of the cutoff in
the longitudinal momenta.

With || < o cutoff, the NLO BK/NLO BFKL for N' = 4 SYM is almost
conformally invariant in the transverse plane.
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Conclusions

# High-energy scattering can be described in terms of dipoles (Wilson lines)
UC,JU;r - no new operators at the 1-loop level (for gluon contributions, such

possible terms = difference between 67_93”2 and the NLO BFKL terms = 0).

# For the creation of dipoles in the small-x evolution, the coupling constant is
determined by the size of the smallest dipole.

# The NLO evolution kernel depends on the precise definition of the cutoff in
the longitudinal momenta.

# With |a| < o cutoff, the NLO BK/NLO BFKL for A/ = 4 SYM is almost
conformally invariant in the transverse plane.

Outlook
# An extra ((3) as compared to NLO BFKL - different cutoff in ?
# N = 4: Is there operator/regularization such that the kernel is conformal?

The calculation of gluon part is done in collaboration with my student G. Chirilli.

NLO BK — p.2:
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