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How this was done before (v2 and η/s) 
Study single parameter vs. single observable

3

algorithm agrees with the results from Ref. [19] for cen-
tral collisions, when dropping the extra terms in Eq. (2).
Also, our code passes the fluctuation test from Ref. [16],
shown in Fig. 1. We thus have some confidence that our
numerical algorithm solves Eq. (2) correctly.

When solving the set of equations (2), we set the ratio
η/s to be constant throughout the evolution of the sys-
tem, since modeling any space-time dependence would
necessarily introduce more unknown parameters. There-
fore, results on η/s quoted below should be considered
as mean values over the entire system evolution.

To make contact with experiment, the hydrodynamic
variables are translated into particle spectra via the
Cooper-Frye freeze-out mechanism [20] (adapted to VH
[8, 16], see also [17]). For simplicity, we use a single
freeze-out temperature Tf but include the effect of res-
onance decays with masses up to 2 GeV on the spectra
[21, 22]. The normalization of the initial energy den-
sity and Tf are chosen such that the experimental data
on total multiplicity and mean transverse momentum
< pT > as a function of total number of participants
NPart =

∫

d2x⊥nPart(x⊥,b) are reasonably reproduced
by our model (see Fig. 2). We choose to fit to kaons
rather than pions because the former are influenced less
by Bose enhancement effects, which we have ignored [19].
Note that for simplicity our model does not include a
finite baryon chemical potential, prohibiting us to dis-
tinguish particles from anti-particles. As a consequence,
results for protons cannot be expected to match exper-
imental data. Starting from ideal hydrodynamics with
a freeze-out temperature Tf = 150 MeV, we have found
that reasonable fits to dN/dy and < pT > for VH can
be accomplished by keeping Tf fixed and reducing the
initial entropy density by 75 η/s percent to correct for
the viscous entropy production [19].

In Fig. 3 we compare our hydrodynamic model with
the above fit parameters to experimental data on the in-
tegrated and minimum bias elliptic flow v2, respectively.
Shown are results for ideal hydrodynamics and VH for
the initial condition ϵ ∼ nColl at an initial time τ0 = 1
fm/c. The results hardly change when assuming instead
s ∼ nPart as initial condition (see also [14]) or varying τ0

by a factor of two. Interestingly, we also find that chang-
ing τΠ hardly affects the results shown. Note that this
depends on the presence of the terms in the last line of
Eq. (2): if these terms are dropped, increasing τΠ tends
to further suppress v2 in line with the trend found in [19].

For the above initial conditions, we have noted that
there is also hardly any effect from the vorticity term.
This can be understood as follows: noting that for uη = 0
the only non-trivial vorticity is ωxy, which vanishes ini-
tially because of ux = uy = 0 and forming the com-
bination ∇xDuy − ∇yDux we find –up to third order
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FIG. 3: PHOBOS [24] data on pT integrated v2 and STAR
[25] data on minimum bias v2, for charged particles in Au+Au
collisions at

√
s = 200 GeV, compared to our hydrodynamic

model for various viscosity ratios η/s. Error bars for PHO-
BOS data show 90% confidence level systematic errors while
for STAR only statistical errors are shown.

corrections–

Dωxy + ωxy

[

∇µuµ +
Dp

ϵ + p
−

Duτ

uτ

]

= O(Π3). (3)

This is the relativistic generalization of the vorticity
equation, well known in atmospheric sciences [26]. Start-
ing from ωxy = 0, Eq. (3) implies a very slow buildup of
vorticity, explaining the tiny overall effect of the vorticity
term in Eq. (2). Note that upon dropping the assumption
uη = 0, this term can become important [27].

From Fig. 3 it can be seen that the effect from viscos-
ity on the elliptic flow is strong, in line with estimates
from Ref. [17]. Data on integrated v2 is fairly well re-
produced by a viscosity of η/s ∼ 0.08 and – within sys-
tematic errors – seems to be consistent with η/s ∼ 0.16.

P.Romatshke & U.Romtschke, PRL 2007

v2 ⌘ hcos 2�i



v2 depends on .... 
• viscosity 
• saturation model 
• pre-thermal flow 
• Eq. of State 
• T-dependence of η/s 
• initial Txx/Tzz 

• ・・・・ 

PROBLEM



Correct Way (MCMC)

Simultaneously vary N model parameters xi

Perform random walk weight by likelihood 
 
 
 

Use all observables ya

Obtain representative sample of posterior

L(x|y) ⇠ exp
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Difficult Because…

II. Many Observables 
Could be hundreds of plots,  
each with dozens of points
Complicated Error Matrices

I. Too Many Model Runs 
Requires running model ~106 times



Model Emulators

1. Run the model ~1000 times  
Semi-random points (LHS sampling)  

2. Determine Principal Components  
    (ya-⟨ya⟩)/σa ➙ za  

3. Emulate za (Interpolate) for MCMC  
Gaussian Process…

S. Habib,K.Heitman,D.Higdon,C.Nakhleh&B.Williams, PRD(2007) 
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Gaussian Process  
- Reproduces training points  
- Assumes localized Gaussian  
   covariance  
- Must be trained,  
   i.e. find “hyper parameters” 
Other methods also work

Y(x)
training points



14 Parameters

5 for Initial Conditions at RHIC 
5 for Initial Conditions at LHC 
2 for Viscosity 
2 for Eq. of State

30 Observables

π,K,p Spectra 
⟨pt⟩, Yields 
Interferometric Source Sizes 
v2 Weighted by pt



Initial State Parameters

5 parameters for RHIC, 5 for LHC
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Equation of State and Viscosity

2 parameters for EoS, 2 for η/s
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DATA Distillation 1. Experiments reduce PBs  
to 100s of plots  

2. Choose which data to analyze  
Does physics factorize? 

3. Reduce plots to a few 
representative numbers, ya  

4. Transform to principal  
components



Checking the Distillation

model spectra from  
30 random points in 
parameter prior

74 pion spectra: 
 with 573<⟨pt⟩π< 575 MeV  

44 proton spectra:  
with 1150<⟨pt⟩p< 1152 MeV 

π,p spectral SHAPES
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by two numbers, dN/dy & ⟨pt⟩



Two Calculations
1. J.Novak, K. Novak, S.P., C.Coleman-Smith & R.Wolpert, 

ArXiv:1303.5769 
RHIC Au+Au Data 

6 parameters 

2. S.P., E.Sangaline, P.Sorensen & H.Wang, in progress 
RHIC Au+Au and LHC Pb+Pb Data 
14 parameters, include Eq. of State
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Sample 
Spectra from 

Prior and 
Posterior

0-5% cent

20-30% cent
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from Prior 

and 
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v2, 20-30% cent
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Which observables constrain the EoS?
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Sensitivity to Uncertainty
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SUMMARY

Robust 

Emulation works splendidly 

Scales well to more parameters & more data 

Eq. of State and Viscosity can be extracted from RHIC & LHC 
data 

Other parameters not as well constrained 

Heavy-Ion Physics can be a Quantitative Science!!!!



NEAR  
FUTURE

Improve models (will lead to more parameters) 
hadronization uncertainties
bulk viscosity
more realistic cascade 
Bose enhancement, better cross sections
3D corrections
lumpy IC  

Better statements of uncertainty 
Requires cooperation, both experimenters and theorists 

Extend to different analyses 
Initial state studies
Jet Physics
…



BEAM  
ENERGY 

SCAN

Improve models (MANY more parameters) 
3D Initial Conditions 
baryon stopping, initial flow and rotation,  
initial temperatures, corona
Paramterize IC
Density Dependent EoS
Mean-field for hadronic Boltzmann 

Statistics may require rethinking 
Nparameters ~ 50  

Should be able to determine P(ρ,T)



If you’re interested…

1. Tools are readily extended 

2. Download software and tutorial from http://madai.us 

3. Talk to me (prattsc@msu.edu)  
    or Evan Sangaline (esangaline@gmail.com)

Made possible by contributions from DOE, NSF, Chris Coleman-Smith,  
John Novak, Kevin Novak, Evan Sangaline, Paul Sorensen, Joshua Vredevoogd,  

Hui Wang, Robert Wolpert, and viewers like you.

mailto:esangaline@gmail.com


Additional slide: Charge BFs and charge 
susceptibilities
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